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Abstract

In this and a subsequent paper, using the notion of fuzzy neighborhood filter which has been
defined in [5], we introduce and study the separation axioms T3, 4 = 0, 1,2, 3,4 in the case of a fuzzy
topology. These axioms are related only to usual points and ordinary subsets. In the classical case
L = {0,1} these axioms are the usual ones. These axioms fulfills many properties analogous to
the usual axioms. Whereas this paper is devoted to the axioms Ty, 11, 15, in part II the axioms

T3, T, are introduced and studied.

Keywords: Fuzzy filters, Principal fuzzy filters, Fuzzy neighborhood filters, Valued fuzzy neighbor-

hoods, Fuzzy topologies, Fuzzy separation axioms.

Introduction

There are many definitions for the fuzzy separation axioms depend on fuzzy points
[9, 10]. In this paper we introduce fuzzy separation axioms using only the usual
points and the ordinary subsets. A notion related to usual points, called fuzzy

neighborhood filter at a point, is used to define these axioms.

The notion of fuzzy filter has been introduced by Eklund and Géhler in [2].

By means of an extension of this notion of fuzzy filter, a point-based approach to



fuzzy topology related to usual points has been developed by Gahler in [4,5]. In
this approach several notions are related to usual points, between these notions the
notion of fuzzy neighbourhood filter which is defined by means of the notion of
interior of a fuzzy set. For each fuzzy topological space, the mapping which assigns
to each point = the fuzzy neighborhood filter at x can be considered itself as the

fuzzy topology.

These fuzzy separation axioms depends only on usual points and so the work
with these axioms will be more simple and more general. We study here the cases
1 = 0,1,2. These fuzzy separation axioms are good extensions in sense of Lowen
[12], this means an induced fuzzy topological space (X,w(T)) is T; if and only if the
underlying topological space (X,T) is T;. The implications between these axioms
goes well, that is, each T;-space is T;_; for ¢« = 1,2. Moreover, for each fuzzy
topological space (X, 7) which is T}, the a-level topological space (X, 7,), @ € Ly
and the initial topological space (X, (7)) are T;. We also show that the initial and
final fuzzy topological spaces of a family of Tj-spaces, 1 = 0, 1, 2, are also T;-spaces.
Therefore the fuzzy topological product space, subspace, sum space and quotient

space of Tj-spaces, i = 0, 1,2, are also T;.

Géhler defined in [6] and [7] separation axioms for the convergence space using

the convergence M — x of an element M of ¢.X to an element x of X.

These axioms in the special case of a fuzzy topology are equivalent to our axioms.
This specialization we obtain in replacing the convergence M — x by M < N (z)
where N (z) is the fuzzy neighborhood filter at x.

1. On Fuzzy Neighborhood Filters
Throughout the paper let L be a complete chain with different least and last elements
0 and 1, respectively. Let Lo = L\ {0} and L; = L\ {1}.

By a fuzzy subset of a set X we mean a mapping f : X — L of X into L. Denote
by L* and P(X) for the sets of all fuzzy subsets and of all ordinary subsets of X,



respectively. For each x € X and a € Ly, the fuzzy subset z, of X whose value «
at x and 0 otherwise is called the fuzzy point in X. For each o € L, the constant

fuzzy subset of X with value a will be denoted by @.

A fuzzy topology on a set X ([1,8]) is a subset 7 of LX which contains the constant
fuzzy sets 0 and 1 and is closed with respect to finite infima and arbitrary suprema.
The pair (X, 7) is called a fuzzy topological space and the elements of 7 are called
open fuzzy sets. The interior int,.f of a fuzzy set f is the greatest open fuzzy set
less than or equal to f, that is,

int.f = \/ g (1.1)

geT, g<f

For each fuzzy set f € LX, the strong a-cut and the weak a-cut of f are the
subsets sof = {z € X | f(z) > a} and wof = {x € X | f(x) > a} of X,

respectively.

If 7y and 75 are fuzzy topologies on X, then 71 is said to be finer than 75, denoted
by, 71 < 7o, provided 7, D 7. For each fuzzy topology 7 on X, the a-level and the
initial topologies of T are defined by: 7, = {sof | f € 7} and «(7) = inf{7, | a € L}
respectively, where inf is the infimum with respect to the finer relation on fuzzy
topologies. If T is an ordinary topology on X, then the induced fuzzy topology on
X is given by.

w(T) = {feL¥|sof €T foral ac L}

Initial and final fuzzy topological spaces. Consider a family of fuzzy topo-
logical spaces ((X;, 7;))ier and for each i € I a mapping f; : X — X;. By the initial
fuzzy topology of (7;):e; with respect to (f;);es is meant the coarsest fuzzy topology 7
on X for which all mappings f; : (X,7) — (X, 7;) are fuzzy continuous. 7 is defined
as in ([11]) by the supremum of the family (f;'(7;))ic; with respect to the finer rela-
tion on fuzzy topologies, that is, 7 =V f;'(7;), where f; () = {f; ' (9) | g € =}.
It is easily seen that f; '(7;) is the initzieall fuzzy topology of 7; with respect to f;.

Let X be the cartesian product [] X; of the family (X;);e;r and p; : X — X; be
el



the related projections. (X,7 = V p; (7)) is called the fuzzy topological product
iel
space of the family ((X;,7))ies. It is clear that 7 = V p;'(7;) is the initial fuzzy

iel
topology of (7;);e; with respect to (p;)ier-

elf (X, 1) is a fuzzy topological space, A is a non-empty subset of X, and i :
A — X is the inclusion mapping, then (A, 74 =i~ 1(7)) is called the fuzzy topological

subspace of (X, T). T4 is the initial fuzzy topology of 7 with respect to 7.

Assume now that f; : X; — X is a mapping of X; into X. By the final fuzzy
topology of (1;)ier with respect to (f;)ier we mean the finest fuzzy topology 7 on
X for which all mappings f; : (X;, 7)) — (X, 7) are fuzzy continuous. 7 is defined
in [11] as the infimum of the family (f;(7;));c; with respect to the finer relation on
fuzzy topologies, that is, 7 = é\l fi(rs), where fi(r;) = {N € LX | fi*(\) € 7} is the

final fuzzy topology of 7; with respect to f;.

Let X = Y X; = U (X; x {i}) be the disjoint union of the family (X;);c; and
e X; — XZ ,e Iand foéeéach ¢ € I the related canonical injections are defined by
ei(r;) = (w4,1). Then (X, A e;(7;)) is called the fuzzy topological sum space of the
family ((X;,7))ier. 7= /(IE;(TZ) is the final fuzzy topology of (7;);c; with respect
to (€)ier- -

If (X, 7) is a fuzzy topological space and f : X — Y a surjective mapping, then

(Y, (1)) is called the fuzzy topological quotient space.

Fuzzy open and fuzzy closed mappings. Let (X,7) and (Y,0) be fuzzy
topological spaces. The mapping f : (X,7) — (Y,0) is called fuzzy open (fuzzy
closed) if the image f(g) of the open (closed) fuzzy sets g with respect to 7 is open

(closed) with respect to o.

Fuzzy filters. Let X be a non-empty set. By a fuzzy filter on X ([2,4]) is meant
a mapping M : LX — L such that the following conditions are fulfilled.

(F1) M(@) < a holds for all « € L and M(1) = 1.



(F2) M(f Ag)=M(f)ANM(g) for all f,g € L*.

A fuzzy filter M is called homogeneous if M(@) = « for all a € L.

If M and N are fuzzy filters on X, M is said to be finer than N, denoted by,
M < N, provided M(f) > N(f) holds for all f € LX. By M £ N we denote that
M is not finer than A. If L is a complete chain, then

M LN <= thereis f € L* such that M(f) < N(f).

For each fuzzy filter M on X, the subset a-pr M of LX defined by:
aprM = {f€L¥ | M(f) > )

is a prefilter on X, where a non-empty subset F of L is called a prefilter on X

([13]) if the following conditions are fulfilled.
(P1) 0 ¢ F.

(P2) f,g € Fimplies f Ag € F.

(P3) feFand f <gimply g € F.

Proposition 1.1 [4] Let A be a set of fuzzy filters on X. Then the following are

equivalent.

(1) The ifimum A M of A with respect to the finer relation of fuzzy filters
MeA

exists.

(2) For each non-empty finite subset {My, ..., My} of A we have My(fi)A---A
M, (fn) <sup(fi A=+ A fp) forall fi,..., fn € LX.

(3) For each o € Ly and each non-empty finite subset fi,..., fn of U a-prM
MEA
we have a < sup(fi A+ A fn).

Ultra fuzzy filters. A fuzzy filter M on X is called an ultra fuzzy filter if it

does not have a properly finer fuzzy filter.
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Proposition 1.2 [24] For each fuzzy filter on a set X, there exists a finer ultra

fuzzy filter.

Fuzzy neighborhood filters. For each fuzzy topological space (X, 7) and each
r € X the mapping N (z) : L* — L defined by

N(z)(f) = int, f(x) (1.2)
for all f € LX is a fuzzy filter on X, called the fuzzy neighborhood filter of the space
(X, 1) at z ([5]).

For each » € X, the mapping @ : L* — L defined by i(f) = f(z) for all f € L

is a homogeneous fuzzy filter on X.

The fuzzy neighborhood filters fulfill the following conditions.

(N1) & < N(x) holds for all z € X.

(N2) N(z)(y — N(v)(f)) =N(z)(f) for all z € X and f € L*.

Note that the mapping y — N (y)(f) is the fuzzy set int, f.

Proposition 1.3 [5] There is a one-to-one correspondence between the fuzzy topolo-
gies T and the mappings © — N (x) of X into the set of all fuzzy filters on X, where
for each x € X, N(x) fulfills (N1) and (N2). This correspondence is given by

N(z)(f) = int f ().

Valued fuzzy neighborhoods. Let (X, 7) be a fuzzy topological space. Then
for each a € Ly, the fuzzy subsets f € L are called a-fuzzy neighborhoods at z ([5])
if f € a-prN(z), that is,

a <int,f(z). (1.3)

By a valued fuzzy neighborhood at x ([5]) is meant an a-fuzzy neighborhood at z for

some « € Ly.



The closure operator. For each fuzzy set f € LX, the fuzzy set cl, f € LX
defined by

cof(@) =\ M(f) (1.4)

MEN (2)
for all x € X, is called the closure of f ([5]). It is easily seen that cl.f > f.

For each fuzzy topological space (X, 7) the closure operator of 7 is the mapping

cl which assigns to each fuzzy filter M on X the fuzzy filter ¢l M, where

AM() =V M). (1.5)

clrg<f
cl M is called the closure of M. cl is isotone and is a hull operator, that is, for
all fuzzy filters M and N on X, we have
M < N implies cl M < cl N (1.6)
and moreover cl fulfills that
M <M (1.7)

holds ([3]).

2. Ty-Spaces

This section is devoted to introduce a notion of Ty-spaces in the fuzzy case using
the neighborhood filter at a point. We also introduce different equivalent definitions
and study its relation with the a-level and the initial topologies and also we show
that this notion is a good extension in sense of Lowen [12]. Moreover, we show that

the initial and final fuzzy topological spaces of Ty-spaces are also Tj.

Definition 2.1 A fuzzy topological space (X, 7) is called Ty if for all z,y € X with
x # y we have & £ N (y) or §y £ N(x).

In the classical case L = {0, 1} the filter A'(z) is up to an identification a set of

neighborhoods of x and the filter & is a set of subsets of X contain z. In this case
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& < N(y) means ¢ DO N(y) and & £ N (y) means there is a neighborhood of y not

containing x.
The following results will be used in the proof of Theorem 2.1.

Lemma 2.1 For all x,y € X with x # y we have

N(z) £ N(y) implies & £ N (y).

Proof. Since L is a complete chain, then N(z) £ N (y) means that there is f €
LY such that N (2)(f) < N(y)(f). From that int,int,f = int,f and N (z)(f) =
int, f(x) it follows z(int, f) < A(y)(int,f). Thus there is a g = int,f € L* such
that #(g) < M(y)(g). Hence, z £ N(y). O

Lemma 2.2 Let L, M, N be fuzzy filters on a set X. Then we have:
(1) LLM>N implies L £ N.
(2) L>M LN implies L £ N.

Proof. Since L £ M > N and N/ > L give a contradiction, then £L £ M > N
implies £ £ N. That is, (1) is fulfilled.

The proof of (2) goes similarly. O

Lemma 2.3 For all x,y € X with x # y the following statements are equivalent.
(1) clz Ly orcly £ .
(2) # Lcly ory Lcli.
(3) cl # cly.

Proof. Direct. O

In the following theorem there will be introduced some equivalent definitions for

the Ty-spaces.



Theorem 2.1 Let (X, 7) be a fuzzy topological space. Then the following statements

are equivalent.

(1) (X,7) is Tp.
(2) For all x,y € X with x # y we have cl@ £ § or cly £ .
(3) © # vy implies N (z) # N (y) for all z,y € X.

(4) x # y implies there is f € L such that o < N (x)(f) and f(y) < a for some
a € Ly or there is g € L™ such that 3 < N(y)(g) and g(x) < 8 for some
b€ Ly for all z,y € X.

Proof. (1) = (2): Let (1) be hold and let 2 # y in X. Then & £ N (y) or y £ N(x)
and since cl@ > & and & < N (x) for each z € X, it follows by (1) and (2) in Lemma
2.2 that clz L g or cly £ &. That is, (2) is fulfilled.

(2) = (3): For all x # y in X, from Lemma 2.3 we have cl& £ y implies & £ cly
which implies N'(x) > @ £ cly > 9. So, N(z) £ 9 and then for g = int,f € L,
we get N'(z)(g) < g(y). ie. int,int, f(z) = int, f(z) < int, f(y). That is, N (z) £
N (y). Hence, N(z) # N (y) and therefore (3) is fulfilled.

(3) = (4): If (3) is fulfilled and =,y € X with x # y, then N(z) # N (y), that
is, N(x) £ N(y) or N(y) £ N(x). Lemma 2.1 implies that & £ N (y) or y £ N ().
Thus there is a fuzzy set f € LX such that f(x) < N(y)(f) or a fuzzy set g € LX
such that g(y) < N(z)(g). If we take N (y)(f) = a and N (z)(g) = 3, then we get
a < N(y)(f) and f(z) < aor B < N(z)(g) and g(y) < 5. Hence, (4) holds.

(4) = (1): Now, let (4) be hold and let = # y. Then there is a fuzzy set f € L~
such that ¢(f) = f(y) < N(z)(f) or a fuzzy set g € LX such that 2(g) = g(x) <
N (y)(g). This is equivalent to & £ N (y) or y £ N(x) and hence, (1) is fulfilled. O

In the view of Lemma 2.3 the condition (2) in Theorem 2.1 can be written as:

(2)  x#yimplies & £ cly or y £ cli;
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or
(2")  x # y implies cl& # cly.

Example 2.1 Let L be a complete chain, X = {1,2} and let 7 = {0,1} be the
indiscrete fuzzy topology. Since int,f = 0 or 1 for all f € L, then for z = 1 and

y = 2 we have

| 1if f=T
N@U)nmﬂw{ SO =it f(2) = N)(F)
0 if f#1

for all f € L* and hence N (1) = N(2). That is, the space (X, 7) is not Tp.

A subset of a space (X, T) is called a neighborhood of a point x € X, denoted
by O,, if there is an open set G € T such that z € G C O,.

A topological space (X, T) is called Tj if  # y implies there is a neighborhood
O, of x such that y € O, or there is a neighborhood O, of y such that = € O,

The next proposition shows that the fuzzy separation axiom 7j is a good exten-

sion in sense of [12].

Proposition 2.1 A topological space (X,T) is Ty if and only if the induced fuzzy
topological space (X,w(T)) is Tp.

Proof. Let (X,T) be Tj and let « # y. Then there is a neighborhood O, € T
such that ¢ O,. Taking f = xo,, since sof = O, for each o € L, it follows

N(w)(f) = (intur) f)(y) = fly) =1 > f(x). Hence & £ N(y), where N (y) is the
fuzzy neighborhood filter at y related to the fuzzy topology w(T'), that is, (X, w(T))

18 To.
Now, let (X,w(T)) be Ty. Then z # y implies there is a f € L* such that

f(x) < (intyr) f)(y). Since intyryf € w(T) and (intyr) f)(z) < f(z) it follows y €
Sf(x) (intw(T)f) €T and x € Sf(x) (intw(T)f). Hence sf(z)(intw(;p)f) is a neighborhood

of y not containing x and therefore (X, T) is Ty. O
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Remark 2.1 If S; and S, are topologies on a set X and S is finer than Sy, then

(X, S1) is T; implies (X, Ss) is T; for i = 0, 1, 2.

Proposition 2.2 Let (X, 7) be a fuzzy topological space and let (X, 1,) and (X, (7))
be the a-level and the initial topological spaces of (X, T), respectively. Then the fol-

lowing statements

(1) (X,7) is To;
(2) (X7 Ta) is TO; Qc Ll;'

(3) (X, (7)) is Ty
fulfill the following implications: (1) = (2) = (3).

Proof. (1) = (2): Let (X,7) be Ty and let x # y in X. Then there is f € L*
such that f(z) < (int,f)(y) and hence y € s, (int. f) and @ & sf)(int, f). Since
int, f € 7, it follows sy (intf) € 74y and thus sy (int, f) is a neighborhood of y

not containing x. Hence the space (X, 7,), for a < f(x), is To.

(2) = (3): Since ¢(7) is finer than 7, for all « € L; and the space (X, 7,) is T
for some a € Ly, then Remark 2.1 implies that the space (X, ¢(7)) is Tp. O

In the following we shall show that if I is a class and for each i € I, (X;, ;) is a
Ty-space and for some i € I, f; : X — X, is an injective mapping and 7 is the initial
fuzzy topology of (7;)ie; with respect to (fi)icr, then the initial fuzzy topological
space (X, 7) is also Tp.

At first we shall consider the case of I being a singleton.

Proposition 2.3 Let (Y,0) be a Ty-space and let f: X — Y be an injective map-
ping. Then the initial fuzzy topological space (X, f~(0)) is also Ty.
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Proof. f is injective means = # y in X implies f(z) # f(y) in Y and (Y,0) is

Ty-space means there exists g € LY such that

9(f(z)) < a < (integ)(f(y))

for some a € Ly. Since f : (X, f~(0)) — (Y,0) is fuzzy continuous, then we have

(integ) o f < inty-1(5)(g o f) and thus
(90 1)) < a < (ity-100(g 0 )1
This means there exists h = go f € LX and a € L such that
h(r) < a < (inty-15)h)(y).

Hence (X, f~!(0)) is Ty-space. O
Now consider the case of any class 1.

Proposition 2.4 Let (X;,7;) be a Ty-space for all i € I and let f; - X — X; be an
injective mapping for some i € I. Then the initial fuzzy topological space (X, T) is

also Ty.

Proof. Let z # y in X. Since f; is an injective for some i € I, then f;(x) # fi(y)

in X; and thus there exists \; € LX" and «; € Ly such that

Ai(fi(2)) < aq < (intr, X)) (fi(y))-

Because of that f; : (X,7) — (X;,7;) is fuzzy continuous, then (int;\;) o f; <
int,(\; o f;) and therefore

(Nio fi)(z) < a; < int (N o fi)(y).
Therefore there exists A = \; o f; € LX and a; € Ly such that the condition of
To-space is fulfilled. Hence, (X, 1) is Ty-space. O
Since the fuzzy topological subspace and product space are special initial fuzzy

topological spaces, then we have the following result.
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Corollary 2.1 Propositions 2.3 and 2.4 imply that the fuzzy topological subspace

and the fuzzy topological product space of Ty-spaces are also T.

Now let for all © € I, (X;,7;) is a To-space and for some i € I, f; : X; — X
is a surjective fuzzy open mapping and 7 is the final fuzzy topology of (7;);e; with
respect to (f;)ier. The following propositions show that the final fuzzy topological
space (X, 7) is also Tp.

Proposition 2.5 Let (X,7) be a Ty-space and let f : X — 'Y be a surjective fuzzy
open mapping. Then the final fuzzy topological space (Y, f(1)) is also Ty.

Proof. Since f is surjective, then y; # yo in Y implies there are x1,x5 € X such
that y; = f(z1), yo = f(x2) and x; # x9. From that (X, 7) is a Ty-space it follows

there are g € L~ and a € Ly such that

g(71) < a < (int,g)(z2)

and this means
9(f 7 ) < a < (intrg)(f ' (y2))
which means

(f(9)(n) < a < (f(intrg))(ys)-

Because of that f is fuzzy open, it follows f(int,g) < ints)(f(g)) and therefore

(f(9)(y1) < o < (int ) f(9))(y2)-

Since f(g) € LY, then we get that the final fuzzy topological space (Y, f(7)) is Tp.
(]

Proposition 2.6 Let I be any class and (X;,7;) be a To-space for all i € I and
fi : X; — X be a surjective fuzzy open mapping for some i € I. Then the final fuzzy
topological space (X, T) is also Ty.
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Proof. Let z # y in X. From that f; is surjective it follows there are x;,y; € X;
such that z = f;(x;), vy = fi(y;) and z; # y;. Since (X;, 7;) is a Ty-space, then there

are \; € L and a; € Ly such that
Ai(z) < a; < (int, A (yi)

which is equivalent to

Ai(fi7 (@) < o < (intr, X)) (f ()
and this means

(fi(Ai)) () < i < (filint A:)) (),
fi is fuzzy open implies f;(int,,\;) < int,(f;()\;)) and this implies

(fi(Aa) (@) < i < (imt- fi( X)) (y)
for some fi(\;) € L* and some a; € Ly. Hence the final fuzzy topological space
(X,7)is Tp. O

The following result is a direct consequence of Propositions 2.5 and 2.6.

Corollary 2.2 The fuzzy topological sum space and the fuzzy topological quotient

space of Ty-spaces are also Tj.

In the following it will be shown that the finer fuzzy topological space of Ty-space

is also Tj.

Proposition 2.7 Let (X, 7) be a Ty-space and let o be a fuzzy topology on X finer
than 7. Then (X, 0) is also Ty-space.

Proof. Since o is finer than 7, then int, f < int, f for all f € L*. From that (X, 7)

is Ty-space it follows for all # # y in X there exists f € L* and a € L such that

f(z) < o < (int.f)(y)
and thus
f(z) < a < (int,f)(y).

Hence (X, o) is also Ty-space. O

14



3. T1-Spaces

Here the fuzzy separation axioms T} spaces will be introduced and a similar study

for Th-spaces will be done for Tj-spaces.

Definition 3.1 A fuzzy topological space (X, 1) is called T} if for all z,y € X with
x # y we have # £ N(y) and y £ N (x).

Proposition 3.1 FEvery Ti-space is Ty-space.

Proof. Obvious. O

The following example shows that there are Tj-spaces which are not T}-spaces.

Example 3.1 Let L be a complete chain, X = {x,y} and let 7 = {0,1,21}. Then

the fuzzy topological space (X, 7) is Ty and not T7.

The following theorem introduces equivalent definitions for the T}-spaces.

Theorem 3.1 In a fuzzy topological space (X, T) the following statements are equiv-

alent.

(1) (X,7) is T.
(2) = # vy implies cli L § and cly £ & for all z,y € X.
(3) clz = for each z € X.

(4) x # y implies \/  f =g is al - fuzzy neighborhood at x and g(y) < 1,
FEVa, f#1
where V, = {f € L | f is a valued fuzzy neighborhood at x}.

(5) = # y implies there are f,g € LX such that o < N(2)(f), f(y) < a and
B<N)(9), g(x) < B for some o, B € L.
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Proof. (1) = (2): Similarly as in (1) = (2) in Theorem 2.1.
(2) = (3): Let (2) be hold. Then cl4 < g or cly < & implies x = y. This means
clz < 2 and we have clz > & for each x € X. Hence, cli = 7.

(3) = (4): Let cli =4, V, = {f € L* | f is a valued fuzzy neighborhood at '}
for each x € X and let x # y. Then \ g(x) = h(x) and
clg<h

it Nz Vo intf@) = df()

fE€V, f#T f€Vs, f#1

for each x € X. Hence, \/ f = g is 1— fuzzy neighborhood at x and g(y) =
FEVs, f#£L

V  f(y) <1forall y # x. That is, (4) holds.
fe€Va, f£1
(4) = (5): Ifint( V  f)(z) =intg(z) = 1 and g(y) < 1 for all y # x, then

€V, f#1
taking o = 1, we get @ < N (x)(g) and g(y) < « for some a € Ly. Similarly, we get

that there is k € L such that 8 < N (y)(k) and k(x) < 3 for some 3 € L. Hence,
(5) holds.

5) = (1): Let (5) be hold and z= . Then there are f,g € LX such that
( y g

fly) < a < N(2)(f) and g(z) <8 < N(y)(9)

for some «, 5 € Lg. Hence, § £ N(z) and & £ N(y) and thus (1) is fulfilled. O

Example 3.2 Let L be a complete chain, X = {z,y} and let 7 = {0,1, 21,1 }.

Then for x # y there are f = x; and g = y; such that
fly) =0 <1=int f(z) =N(z)(f) and g(z) =0 <1=intg(y) = N(y)(g)
that is, y £ N(z) and @ £ N (y). Hence, (X, 7) is T}.

A topological space (X,T) is called T} if x # y implies there are neighborhoods
O, and O, of x and y, respectively such that y ¢ O, and = ¢ O,.

Proposition 3.2 A topological space (X, T) is Ty if and only if the induced fuzzy
topological space (X,w(T)) is Tj.
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Proof. Similarly, as in Proposition 2.1. O

Proposition 3.3 For every fuzzy topological space (X, T) the following statements
(1) (X,71) is Ty,
(2) (X,70) is Ty, a € Ly;
(3) (X,u(r)) is Ty

fulfill the following implications: (1) = (2) = (3).

Proof. As in Proposition 2.2. O

The following propositions will show that the initial fuzzy topological space

(X, 1) of the family ((Xj, 7;))iesr of Ti-spaces is also T7.
Consider the case of one mapping.

Proposition 3.4 Let (Y,0) be a Ti-space and let f: X — Y be an injective map-
ping. Then the initial fuzzy topological space (X, f~'(0)) is also Ty.

Proof. Let z # y in X. Since f is injective, then f(x) # f(y) in Y and thus (Y, o)

is T}-space means there exist g, h € LY such that

9(f(x)) < o < (integ)(f(y)) and h(f(y)) < 6 < (int.h)(f(x))

for some «a, B € Lg. From that f : (X, f (o)) — (Y,0) is fuzzy continuous it
follows (int,g) o f < ints-1(,)(g o f) for all g € L* and thus

(g0 f)(z) <a < (intjre)(go f))(y) and (ho f)(y) < B < (inty-1(0)(ho f))(x).
This means there exist k = go f,l = ho f € L* and «, 8 € Ly such that
k(z) < a < (intp1,)k)(y) and I(y) < B < (inty-10)0)(2).

Hence (X, f~!(0)) is Ty-space. O

Now consider the case of any class I.
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Proposition 3.5 Let (X;,7;) be a Ti-space for all i € I and let f; - X — X; be an
injective mapping for some i € I. Then the initial fuzzy topological space (X, 1) is

also T} .

Proof. The proof goes similarly as in the case of Ty. O

The following result is a direct consequence of Propositions 3.4 and 3.5.

Corollary 3.1 The fuzzy topological subspace and the fuzzy topological product

space of Ti-spaces are also T7.

Now we are going to show that the final fuzzy topological space (X, 7) of a family

((Xi,7))ier of Th-spaces is also Tj.

Proposition 3.6 Let (X,7) be a Ti-space and let f: X — Y be a surjective fuzzy
open mapping. Then the final fuzzy topological space (Y, f(1)) is also Tj.

Proof. Since f is surjective, then y; # yo in Y implies there are x1,2, € X such
that y, = f(z1), y2 = f(x2) and z; # 2. Thus there are g,h € L* and a, (8 € Ly
such that

g(x1) < a < (int,g)(x2) and h(zz) < f < (int,h)(zq)

and this means
g(f (1)) < a < (int-g)(f " (y2)) and h(f}(y2)) < B < (int-h)(f~ (1))

which means

(f(9)(y1) < o < (f(intrg))(y2) and (f(R))(y2) < B < (f(int,h))(y1).

Because of that f is fuzzy open, it follows f(int,g) < ints)(f(g)) for all g € L¥

and therefore

(f(9) (1) < o < (int ) f(9))(y2) and (f(h))(y2) < 6 < (it s f (7)) (y1)-

Since f(g), f(h) € LY, then we get that the final fuzzy topological space (Y, f(7))

is Tl. O
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Proposition 3.7 Let I be any class and (X;,7;) be a Ti-space for all i € I and
fi + X; — X be a surjective fuzzy open mapping for some i € I. Then the final fuzzy
topological space (X, T) is also T}.

Proof. It is similar to the proof of Proposition 2.6. O

The following result is a direct consequence of Propositions 3.6 and 3.7.

Corollary 3.2 The fuzzy topological sum space and the fuzzy topological quotient

space of Ti-spaces are also T7.

Now, we shall show that the finer fuzzy topological space of Ti-space is also T7.

Proposition 3.8 Let (X, 7) be a T1-space and let o be a fuzzy topology on X finer
than 7. Then (X, o) is also Ti-space.

Proof. Similarly as in the case of Ty-space. O

4. TH-Spaces

Here, using the neighborhood filter introduced in [5], we introduce and study the

Hausdorff notion in the fuzzy case.

Definition 4.1 A fuzzy topological space (X, 7) is called Ty or Hausdorff if for all
z,y € X with z # y we have N(z) A N (y) does not exist.

Proposition 4.1 FEvery Ts-space is T} -space.

Proof. Let (X, 7) be a Ty-space and x # y. Then N (z) AN (y) does not exist and
this means there are f,g € L* such that N'(x)(f) AN (y)(g) > sup(f A g). Thus

N(@)(f) > (f A g)(y) and N(y)(g) > (f A g)(x). (4.1)
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From condition (£2) of the fuzzy filter and (4.1) we get

N(@)(fAg) > (fAg)(y) and N(y)(f Ag) > (f Ag)z),

that is, there are k = f A g € LY such that N(x)(k) > k(y) and N (y)(k) > k(z)
and this means y £ N (z) and & € N (y). Hence, (X, 7)is Ty. O

The class of Ti-spaces is larger than the class of T,-spaces. This will be shown

in the following example.

Example 4.1 Let L be a complete chain, X = {z, y} and 7 = {z,, ya, @ for each
a € L}. Then there are f = x; and g = y; such that

int, f(z) =1> f(y) and int,g(y) = 1 > g(x).

Hence, (X, 7) is 17 but it is not T5.

Theorem 4.1 For a fuzzy topological space (X, T), the following statements are

equivalent.

(1) (X,7) is T5.

(2) For all x,y € X with x # y, we have M £ N(x) or M £ N (y) for all ultra
fuzzy filters M on X.

(3) For all x,y € X with x # y, we have M £ N (x) or M £ N (y) for all fuzzy
filters M on X.

Proof. (1) = (2): If (1) is fulfilled and = # y, M < N(z) and M < N (y) for all
ultra fuzzy filters M on X, then for all f,g € L* we get

M(f) = N(z)(f) and M(g) = N(y)(g)-
Since M(f) < sup f for each f € L* and M(f A g) = M(f) A M(g) it follows

N(@)(f) AN(y)(g) <M(fAg) <sup(fAg)
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for all f,g € L, that is, N'(z) AN (y) exists and this contradicts the condition (1).
Hence, x # y implies M £ N (z) or M £ N (y).

(2) = (3): If (2) holds and x # y, then M £ N(z) or M £ N (y) for all ultra
fuzzy filters M on X. From Proposition 1.2, for each fuzzy filter £ on X we find
an ultra fuzzy filter M on X such that M < £ and hence, by means of Lemma 2.2,
L L N(z) or LLN(y). Therefore, (3) holds.

(3) = (1): Let M £ N(x) or M £ N (y) for all fuzzy filters M on X and for
all © # y in X. Then there exist f, g € LX such that

M(f) Z N(2)(f) or M(g) %2 N(v)(9)

taking a € Lo for which a < N(z)(f) and o < N(y)(g), we get

a £ M(f) A M(g) < sup (f Ag).
Hence, N'(z) A N (y) does not exist for all z,y € X with  #y. O

For a fuzzy topological space (X, 7), a fuzzy filter M on X is said to converge to
a point x € X, written M — T, provided M is finer than the fuzzy neighborhood
filter N(x), that is, M < N(z). The conditions (2) and (3) in Theorem 4.1 state

that M — x and M -y for some fuzzy filters M on X imply z = y.

Example 4.2 Let L be a complete chain, X = {z,y} and let 7 = {0,1, 21,3 }.
Then for all x # y we find f = x1, g = y; such that

sup(f Ag) = 0<1 = int-f(z) Aint-g(y) = N(z)(f) AN(y)(g)
that is, N'(x) A N (y) does not exist. Hence, (X, 7) is Tb.
Example 4.3 Let L be a complete chain, X a non-empty set and let 7 = {a@ | a €

L}. Then for all f,g € LX and = # y we have int, f = inf f and int,g = inf g and
thus

N(z)(f) AN (y)(g) = inf f Adnf g < sup(f A g).

Hence, N(z) AN (y) exists and this means that (X, 7) is not 5.
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A topological space (X, T) is called T5 if x # y implies there are neighborhoods
O, and O, of z and y, respectively such that O, N O, =0 for all z,y € X.

Proposition 4.2 A topological space (X,T) is Ty if and only if the induced fuzzy
topological space (X,w(T)) is Ty.

Proof. (X,T) is Ty and x # y imply there are O,, O, € T such that O, N O, = 0.
Taking f = xo, and g = xo,, we get

N (@)(f) NN (y)(g) = (intu) f)(x) A (intur)g)(y) = 1 > sup(f A g).

Hence, N'(z) A N (y) does not exist. That is, (X,w(T)) is Ts.

Conversely, let (X,w(T)) be Ty and let x # y. Then there are f,g € L* such
that (inte,r) f)(2) A (intwmg)(y) > sup(f A g) and hence (inty) f)(z) > sup(f A g)
and (inty,mg)(y) > sup(f A g). If we take a = sup(f A g), then x € s, (inty,p) f)
and y € sq(inty,(rg). Since intyr)f and int,)g are elements of w(7T'), it follows
that sq(intw(r)f), sa(intumg) € T hold and hence O, = s,(intyr)f) and O, =
Sa(inty(mg) are neighborhoods of # and y, respectively and moreover O, N O, = 0.

Hence, (X,T) is T5. O

Proposition 4.3 Let (X, 7) be a fuzzy topological space. Then the following state-

ments
(1) (X,7) is Tx;
(2) (X,7a) is To, o € Ly;
(3) (X,u(7)) 15 T3

fulfill the following implications: (1) = (2) = (3).

Proof. (1) = (2): (X,7) is Ty and = # y imply there are f,g € L* such that
int, f(x) Aint,g(y) > sup(f A g). Taking a = sup(f A g), then = € s,(int,f) and
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Y € so(int,g). Since (int, f)(x) A (int,g)(y) > « for all x # y in X, then
So(int, ) N sa(int,g) = s (int, f Aint,g) = 0.

Because of that s, (int, f), s, (int,g) € 7, hold, it follows there are neighborhoods
O, = sq(int, f) and O, = s,(int,g) of z and y, respectively for which O, N O, = 0.
Therefore, (X,7,), « =sup(f Ag) € Ly, f,g € LY, is Ts.

(2) = (3): Follows directly from Remark 2.1. O

As in the case of Ty-spaces and Ti-spaces we shall show in the following propo-
sitions that the initial fuzzy topological space (X,7) of a family ((X;,7;))ier of

Th-spaces is also Ts.

At first Let I be a singleton.

Proposition 4.4 Let (Y,0) be a Ty-space and let f: X — Y be an injective map-
ping. Then the initial fuzzy topological space (X, f~(0)) is also Ts.

Proof. Because of that f is injective, then z # y in X implies f(z) # f(y) in Y

and since (Y, o) is Ty-space it follows there exist g, h € LY such that

(integ) (f () A (intoh)(f(y)) > sup(g A k).

From the continuity of f : (X, f~!(0)) — (Y, 0) it follows (int,g)o f < int-1(4)(go f)
for all g € LY and since sup(g A h) > sup((go f) A (ho f)) we get

(inty—1(0)(g 0 ) (@) A (int g0y (h o f))(y) > sup((g o f) A (ho [)).
Thus there exist k = go f,l = ho f € L¥ such that
(int y1 (o k) () A (intp-1()0)(y) > sup(k A D).
Hence (X, f~1(0)) is Ty-space. O

For any class I we have the following result.
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Proposition 4.5 Let (X;,7;) be a Ty-space for all i € I and let f; - X — X; be an
injective mapping for some i € I. Then the initial fuzzy topological space (X, 1) is

also Ts.

Proof. Since for some i € I, f; is injective, then x # y in X implies f;(x) # fi(y)
in X, and thus there are \;, u; € LX’ such that

(intr A) (fi(2)) A (intr, 1) (fi(y)) > sup(Ai A ).
Since f; is fuzzy continuous, then (int,,\;) o f; < int,()\; 0 f;) for all \; € L*¢. Hence
int;(A; o f3)(2) Aint-(p; 0 fi)(y) > sup(Ai A pi) > sup((Ai o fi) A (i o fi))-
Therefore there exist A = \; o f; € LY, = p; o f; € L¥ such that
(int,A)(@) A (int,z)(y) > sup(A A p).

Hence, the fuzzy topological space (X, 7) is Ty. O
The following result is a direct consequence of Propositions 4.4 and 4.5.

Corollary 4.1 The fuzzy topological subspace and the fuzzy topological product

space of Th-spaces are also T5.

In the following it will be shown that the final fuzzy topological space (X, ) of

a family ((X;,7;)):er of Th-spaces is also Ts.

Proposition 4.6 If (X,7) is a Ty-space and f : X — Y a surjective fuzzy open
mapping, then the final fuzzy topological space (Y, f(1)) is also Ty.

Proof. Since f is surjective, then 1y, # yo in Y implies there are x1,z, € X such
that y1 = f(21), y2 = f(x2) and x; # x5. Because of that (X, 7) is Ty it follows
there are g, h € L* such that

(int;g)(z1) A (int,h)(z9) > sup(g A h)
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and this means

(int-g)(f " (y1)) A (int-h)(f ' (y2)) > sup(g A h)

which means

(f(int-g))(y1) A (f(int;7))(y2) > sup(g A h).
Since f is fuzzy open, it follows f(int,g) < ints)(f(g)) for all g € L* and therefore
(intsr) f(9))(y1) A (int gy f(R))(y2) > sup(g A h) = sup(f(g) A f(R)).
Since f(g), f(h) € LY, then we get that the final fuzzy topological space (Y, f(7))

is TQ. O

Proposition 4.7 Let I be any class and (X;,7;) be a Ty-space for all i € I and
fi : Xy — X be a surjective fuzzy open mapping for some i € I. Then the final fuzzy
topological space (X, T) is also T.

Proof. Since for some ¢ € I, f; is surjective, then x # y in X implies there
are x;,y; € X; such that =z = fi(x;), vy = fi(y;) and x; # y; and thus there are
Ni, i € L% such that

(it Ag) (@5) A (intr, pas) (i) > sup(Ni A ps)

and this means

(intr A7) (f; (@) A (intr, 1) (7 () > sup(A A i)

which means
(filintr, X)) (@) A (fi(intr, 1)) (y) > sup(A; A ).

Since f; is fuzzy open, it follows fi(int,,)\;) < int,(f;(\;)) for all \; € L% and

therefore

(intr fi(Ai)) () A (intr fi (1)) (y) > sup(As A ) = sup(fi(Ai) A fi(a))-
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Since fi(\;), fi(u;) € L, then we get that the final fuzzy topological space (X, 7) is

1. O

The following result is a direct consequence of Propositions 4.6 and 4.7.

Corollary 4.2 The fuzzy topological sum space and the fuzzy topological quotient

space of Th-spaces are also 1.

In the following it will be shown that the finer fuzzy topological space of Ty-space

is also T5.

Proposition 4.8 Let (X, 7) be a Ty-space and let o be a fuzzy topology on X finer
than 7. Then (X, 0) is also Ty-space.

Proof. It is easily seen from the properties of the finer topologies. O
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